The contribution analyzes some life annuity aspects of the pension system (including commercial insurance) in the Czech Republic. In particular, the problem of sustainability, the Generation Life Tables for the pension system and the gender problem for the pensions in the Czech Republic are discussed. Such topics are important for the future of the pension system in the Czech Republic and for the necessary pension reform. Some numerical results with the Czech data concerning these aspects are presented including corresponding conclusions. Economic theory of pensions (see e.g. Sheshinski, 2005 or Uebelmesser, 2004 is not considered here.
Introduction
One of the serious risks for the future society is the so called longevity, i.e. a social insuffi ciency due to as a consequence of the old age. The concept of longevity risk is the key topic for the pension reform planned in the Czech Republic and delayed till the time moment when the demographic situation becomes critical (see e.g. One must stress in this framework that the pension assets (i.e. capitalized claims for all types of pensions of a given individual which can be further classifi ed to public, occupational and private pensions) become important part of the personal assets wealth in the modern society. Besides the qualitative aspects (e.g. the proportion of pension assets in the volume of the personal wealth, see Blake and Orszag, 1999; Cannon and Tonks, 2008; Clark, Munnell and Orszag, 2006 and others) there are quantitative questions that should be solved in this context:
(1) The sustainability of pensions: One investigates (under the given tolerance and with the given investment effi ciency) which regular annuity spending (spending rate) is admissible for a given pension account. For this purpose special pension models may be used which are presented here and which are applied numerically to pension systems in the Czech Republic to provide important conclusions (see Section 2).
(2) Generation Life Tables (GLT): In the pension context one should apply special Life Tables with projections distinguishing among particular generations (cohorts). Moreover, these tables should be adjusted in a special way to be suitable for pensions (see Section 3).
(3) Unisex Life Tables (ULT) : Due to various anti-discrimination laws concerning the insurance the ULT should be constructed for the Czech population (see Section 4). 
Sustainability of Pensions
If a pension system is based on the fund principle then a question appears how much to "save" annually during the accumulation phase and how much to "spend" annually during the decumulation (annuity) phase. In view of many random aspects the best approach is similar to the one applied in modern fi nance, namely the Value-at-Risk (VaR, see e.g. Cipra, 2010) , when one calculates the highest loss which can occur with a given probability (tolerance). In the pension context it must be modifi ed to the probability that the retired person will not be "ruined" before the moment of death (such a probability can be called the probability of sustainable pension) while its complement to 1 is the probability of ruin (or the probability of unsustainable pension). In the practice it is closely connected with the pension planning (pension consultants speak sometimes on pension risk management).
For simplicity let us consider only the so called DC pension plans (Defi ned Contribution) where the contributions to the system are defi ned in advance (frequently by a percentage of the participant's salary). In the age of retirement (e.g. in 65) there is an accumulated capital w on the participant's account which will be decumulated by corresponding annual pension payments. In particular, the investment risk is fully on the side of the participants of the pension plan (not on the side of the pension provider). Two aspects of random character should be at least considered:
(1) Randomness of interest rates for investment of the capital from the participant's account is in the modern fi nance usually modelled by means of the geometric Brown motion (i.e. exponential Wiener process, see e.g. Cipra, 2008 or Malliaris and Brock, 1982 
where x is the force of mortality at age x (i.e. an infi nitesimal version of the probability of death at the given age). In particular, the expected remaining lifetime (the life expectancy) at age x is PRAGUE ECONOMIC PAPERS, 3, 2013
and the median remaining lifetime at age x is
(see e.g. Milevsky, 2006) . If we combine the models (1) and (5) we'll obtain the present value PV x of the standard pension (which pay unit annual payments in continuous time) as random variable
Finally one can show (see e.g. Dufresne, 1990; Milevsky, 1997; Milevsky, 2006 that the probability of ruin (the probability of unsustainable pension)
(w > 0 is the sum on the participant's account at the age of retirement x) can be approximated as 
Moreover, the mean present value E(PV x ) can be approximated as
The previous formulas enable to perform the corresponding calculations for pension plans in the Czech Republic. For this purpose one must use both fi nancial and longevity (or equivalently mortality) data:
(1) Financial data: For the purpose of the investment formula (1) one could use the so called technical interest rate 2.5 % used for insurance calculations according to the insurance legislative in the Czech Republic in year 2012 (correctly speaking, it is the upper limit in the case of long-term insurance products in the commercial life insurance including life annuities holding since 2010). The better strategy is to test more scenarios for the drift using the technical interest rate 2.5 % as one of possibilities (see e.g. Table 3 or Figures 3 and 4) .
(2) Longevity data: We have used Life Tables (LT) for males and females in the Czech Republic in 2010. From the expected remaining lifetime (the life expectancy) e x at particular ages x given in these LT one estimates according to the formula (6) very simply the parameters x (see Table 1 ). One could obtain better estimates of longevity applying Gompertz-Makeham law of mortality or even Lee-Carter approach (instead of our exponential law of mortality) but the exponential approach seems to be for our calculations suffi cient. In Tables 2-4 we have calculated according to (9) the probability of ruin (i.e. the probability of unsustainable pension) for various retirement ages 55, 60, …, 85 in dependence on the spending rates 1/w (e.g. the spending rate 0.06 means that the given pension account of CZK 1,000,000 (Czech korunas) will pay CZK 60,000 annually, i.e. CZK 5,000 monthly); the calculations are performed separately for males and females and for various values of investment drifts and volatilities, namely = 1 % and = 5 % in Table 2 , = 2.5 % and = 5 % in Table 3 , = 5 % and = 10 % in Table 4 (the results of these tables are interpreted from the practical point of view in the end of this section):
 313  315 tolerance (i.e. with a given probability of ruin which is yet tolerated); the calculations are performed for various values of investment drifts = 0 %, 0.5 %, 1 %, 1.5 %, 2 %, 2.5 %, 3 %, 4 %, …, 7 %, only for single value of investment volatility = 5 % and for various values of tolerance, namely 1 % in Table 5 , 5 % in Table 6 and 10 % in Table 7 : Figures 3 and 4 describe the situation graphically: the growth of probabilities of unsustainable pension in dependence on growing spending rates (see Figure 3 ) and the decline of the minimal amount (i.e. the pension account) for unit life annuity in dependence on growing retirement age (see Figure 4 ):
 317 Figure 3 The Probabilities of Unsustainable Pension ( = 2.5 % and σ = 5 %)
Figure 4
The Minimal Capital for Unit Life Annuity with Given Tolerance ( = 2.5 % and σ = 5 %)
The previous results provide very interesting hints for future participants of pension plans, fi nancial consultants, sales representatives of commercial insurance companies and managements of pension funds.
E.g. under a conservative investment strategy with = 1 % and = 5 % a male with retirement age of 65 and spending rate 0.06 (i.e. CZK 60,000 annually from a pension account of CZK 1,000,000) faces the unsustainable pension with probability 23.0 % (naturally for a female of the same age this probability is higher, namely 32.1 %, see Table 2 ). In other words each fi fth male and each third female are ruined before death according to this scenario. However, if the investment drift increases than (even for higher investment volatility) the ruin probability decreases signifi cantly, e.g. for = 5 % and = 10 % the ruin probabilities are only 9.7 % for males and 13.0 % for females (see Table 4 ), i.e. only each tenth male and each eighth female are ruined. Similarly, under the tolerance of 1 %, retirement age 65 and conservative investment strategy with = 1 % and = 5 % a male may spend from his pension account of CZK 1000,000 not more than CZK 16,590 annually (i.e. CZK 1,383 monthly) and a female of the same age not more than CZK 13,960 (i.e. CZK 1,163 monthly, see Table 5 ). These values are surprisingly low but the reason is very simple, namely the high level of safety with tolerance of only 1 %. For higher investment drift = 2.5 % ceteris paribus the maximal annual withdrawals are CZK 22,250 for males and CZK 19,720 for females. If the tolerance of 10 % is suffi cient (see Table 7 ) then under conservative investment parameters = 1 % and = 5 % the male can draw CZK 40,580 annually (i.e. CZK 3,382 monthly) and the female CZK 33,920 annually (i.e. CZK 2,827 monthly). For higher investment drift = 2.5 % (which corresponds to the situation in the Czech Republic) ceteris paribus the male can spend CZK 50,120 annually (i.e. CZK 4,177 monthly) and the female CZK 43,530 annually (i.e. CZK 3, 628 monthly).
Generation Life Tables for Pension System
The Life Tables applied for the pension system and pension funds in the Czech Republic should respect two facts that are typical just for pensions: (1) decreasing trend of the rates of mortality in time and (2) selection of pension portfolios involving persons in better health conditions than the population standard. A possible solution is to construct the Generation (or Cohort) Life Tables (GLT) with projections distinguishing among particular generations (cohorts), see Cipra, 1998 . Moreover, these Tables are adjusted in a special way to be suitable for pensions.
In the Period (or Current) Life Tables the probability of death q x (and the probability of survival) depends only on the age x that is looked upon as the current age in the year for which the LT were constructed. Therefore e.g. q 65 from the LT for the Czech Republic in 2010 concerns the male generation 1945. However, one uses this value approximately as the probability of death in the age x also for other male cohorts. Better solutions consist in applying the GLT where the probability of death q x depends also on the year of birth (therefore the probability discussed above should be denoted as q 65 1945 ). In addition, this principle must be respected also for multiyear probabilities, e.g. 1945 1945 1945 1945 1945 1945 5 6 5 6 56 66 76 86 9
The application of the GLT can be recommended just for the Czech Republic with a high longevity risk in the pension systems.
Figures 5a-5b show numbers of survivors l x and l y for male and female generations 1935, 1955 a 1975 according to the GLT for the Czech Republic constructed by Cipra, 1998 . These GLT respect another important fact, namely the selectivity of annuity portfolios (it is obvious since the life annuities are preferred by persons without health problems, see also Schmithals, B., Schütz, EU, 1995 .
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 319 When applying the GLT the differences are not negligible from the fi nancial point of view if one compares it with the application of the Period LT. Table 8 contains the monthly payments for life annuities paid off from the age 60 achieved in various years if the pension account in the age 60 is CZK 1,000,000. The three alternative calculation formulas are 1,000,000 / 12 . e 60 (where e 60 is the life expectancy in the age 60) or 1,000,000 / 12 ä 60 (4 %) (where ä 60 (4 %) is the annuity factor in the age 60 for the interest rate 4 % p.a.) or 1,000,000 / 12 . ä 60 (6 %) (where ä 60 (6 %) is the annuity factor in the age 60 for the interest rate 6 % p.a.). E.g. for the interest rate 4 % p.a. and for the male generation ly (1955) ly (1975) 320  PRAGUE ECONOMIC PAPERS, 3, 2013 2010 in the age 60 the monthly annuity payment is CZK 5,581. On the other hand, if applying the classical Period LT the monthly annuity payment would be substantially higher, namely CZK 7,111, since the Period LT do not refl ect the increasing longevity. This section can be looked upon as a reaction to the movement against the discrimination using the gender as a calculation parameter in the life insurance and pension systems. The Unisex Life Tables (ULT) presented here (see also Smetana and Cipra, 2005) have been constructed applying the same methodology as the Czech Statistical Offi ce for the gender depending LT (see more in Cipra, 1998) . The comparison of the net regular annual premiums (i.e. the annual net price paid during the deferment period) for the deferred life annuities is added. ). The tables demonstrate the fact that the analysis of longevity risk must be modifi ed if respecting the gender effect. 
Conclusions
The paper has concentrated on three important aspects that must be taken into account when constructing products burdened by longevity risk: (1) the sustainability of pensions, (2) the generation longevity and (3) the gender longevity. It has been shown numerically that these aspects really play a very important role for the pensions in the Czech Republic.
In order to obtain the results presented in the paper it has been necessary to derive a corresponding mathematical background (see e.g. Section 2 for the sustainability of pensions) and then to calibrate it using Czech demographic and fi nancial data. The analysis of generation longevity and gender longevity has been performed abroad (e.g. in Germany and UK) but the results for the Czech Republic presented in the paper have been (in the time of their origin) the fi rst trials with the Czech data.
The models in this contribution enable to investigate the probability of unsustainability of pensions respecting the randomness of investment activities and longevity. They give numerical confi rmation that such a probability decreases with increasing retirement age, with decreasing spending ratio (in particular with increasing pension account and decreasing annuity payments), with increasing investment drift, with decreasing investment volatility and that is always lower for males than for females. In particular for the Czech Republic, the analysis of such a type is up-to-date in the context of the pension reform which seems to be unavoidable nowadays (see also Cipra, 2012) . The methods presented in the paper are examples of calculations which may be very useful (and some of them even necessary) in this context.
